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Abstract. We introduce the notion of solid monoid and rigid monoid in 
monoidal categories and study the formal properties of these objects in this 
framework. We show that there is a one to one correspondence between solid 
monoids, smashing localizations and mapping colocalizations, and prove that 
rigid monoids appear as localizations of the unit of the monoidal structure. As 
an application, we study solid and rigid ring spectra in the stable homotopy 
category and characterize connective solid ring spectra as Moore spectra of 
subrings of the rationals. 



1. Introduction 

A solid ring in the sense of Bousfield-Kan ^4^ is a ring R with unit whose core 
cR is R itself, where the core of R is defined as 

cR = {x e R \ Ir ®z X ^ X Ifl}. 

They were also called T-rings in [2] and Z-epimorphs in jS]. Indeed, the unit Z ^ R 
is an epimorphism of rings if and only if R is solid. 

For example Z, Q and Z/n are solid, but the p-adic integers Zp and M are 
not. Solid rings are completely classified and all of them are commutative and 
countable jH Proposition 3.1]. From this classification it turns out, for example, 
that the only torsion-free solid rings are the subrings of the rationals. 

A rigid ring i? is a ring with unit such that the evaluation at the unit morphism 

Homz — > R 

that sends ip to f{lR) is an isomorphism. The terminology of rigid rings was first 
used in [7j in order to describe the class of rings appearing as localizations of the 
circle in the category of topological spaces, and as localizations of the integers 
in the category of groups (see [71 Theorem 4.9]). This class of rings had been 
previously studied under the name of i?-rings |16j . All of them are commutative 
and they have been classified in the torsion- free finite rank case [T5] . 

Examples of rigid rings are Z/n, subrings of Q, and Zp for any prime p. There 
are many other examples such as all solid rings, and the products JlpeP '^/P ^^'^ 
Wp^pZp, where P is any set of primes. However, there are groups such as the 
Priifer group Z/p°° or the p-adic field Qp that do not admit a rigid ring structure. 
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There exist rigid rings of arbitrarily large cardinality [9 , and this fact was used 
in [7] and [5] to prove that there is a proper class of non-equivalent /-localizations 
in the category of topological spaces and in the category of spectra, respectively. 

In this paper, we define the concept of solid monoid and rigid monoid in monoidal 
categories, similarly to their algebraic counterparts, and describe the formal prop- 
erties they satisfy in this framework (see Section |3]). Thus, if (£, (3, /, Hom^) is a 
closed symmetric monoidal category, then a monoid (i?, /i, rj) is a solid monoid if fi 
is an isomorphism, and i? is a rigid monoid if the induced morphism 

7]* : Hom£(i?, R) — > Hom£(/, R) 

is an isomorphism in £. 

Solid and rigid monoids are closely related with localization and colocalization 
functors in £, and in Section [5] we recall the basics of this theory in the setting 
of enriched monoidal categories. If i? is a solid monoid in £, then the functors 
X 1-^ X (g) R and X i-^ Homf(i?,X) are idempotent. We will show that this 
property characterizes solid rings. In fact, we will prove that there is a bijection 
between the following classes: 

(i) Solid monoids. 

(ii) Smashing localizations. 

(iii) Mapping colocalizations. 

Here, a smashing localization functor means a localization functor of the form 
La{X) = X (X) a for a fixed A, and a mapping colocalization functor is one of the 
form Ca{X) = Horns {A, X) for a fixed A. Moreover, we show that if i? is a solid 
monoid, then the following categories are equivalent: the category of i?-modules, 
the category of L^-local objects, the category of Ci?-colocal objects and the cate- 
gory of ?7-local objects, where 77: I ^ Ris the unit of R. 

For an arbitrary localization functor L, we prove that the object LI has a rigid 
monoid structure and that all rigid monoids appear this way. 

Finally, in Section|4]we particularize our results to the stable homotopy category 
and prove that if (7?, /j,, 77) is a solid ring spectrum, then the 77-localization functor 
L^i always commutes with the suspension, and that the only connective solid ring 
spectra are Moore spectra MA, with A a subring of the rationals. 

Acknowledgements. I would like to thank Oriol Raventos for many helpful dis- 
cussions on the topic of this paper. 

2. Localizations and colocalizations in enriched categories 

Throughout the paper £ will denote a cocomplete closed symmetric monoidal 
category, with tensor product (8), unit / and internal hom Houig^—,—). A func- 
tor F: £ ^ £' between symmetric monoidal categories is called monoidal if it is 
equipped with a binatural transformation F{—) ®£i F{—) — )■ F{— ®£ — ) and a 
unit Igi File) satisfying the usual associativity, symmetry and unit conditions. 
A symmetric monoidal functor is called strong if the structure maps are isomor- 
phisms. 

Let V be a symmetric monoidal category. Recall that a closed symmetric monoidal 
V-category is a closed symmetric monoidal category £ together with an adjunction 
i: V ^ £ : r, where the left adjoint i is strong monoidal. (Note that this implies 
automatically that r is monoidal.) 
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Any closed symmetric monoidal V-category £ is enriched, tensored and coten- 
sored over V. Indeed, if A is any object of V and X, Y are objects of £, then we de- 
fine Hom(X,r) = r(Hom£(X,y)), A®X ^ i{A) ®£ X and = Y{om£{i{A),X). 
Thus, we have natural isomorphisms 

£{A ®X,Y)'^ V{A, Hom(X, ¥)) ^ Y). 

Conversely, any closed symmetric monoidal category £ that is enriched, tensored 
and cotensored over V is a closed symmetric monoidal V-category, where 

i{A)=A(E)l£ and r = Rom{l£, X). 

Let C be any category. A functor L : C — > C is called coaugmented if it is equipped 
with a natural transformation ^ : Id — ^ L. A coaugmented functor is idempotent if 
l^x = Llx and Ilx is an isomorphism for every X in C. 

Dually, a functor C : C — ?> C is called augmented if it is equipped with a natural 
transformation c: C — > Id. An augmented functor is idempotent if ccx = Ccx and 
ccx is an isomorphism for every A" in C 

Definition 2.1. A coaugmented idempotent functor in C is called a local- 

ization functor. Dually, an augmented idempotent functor (C, c) in C is called a 
colocalization functor. 

The closure under isomorphisms of the objects in the image of L are the L-local 
objects and the closure under isomorphisms of the objects in the image of C are 
called C-colocal objects. A map / is called an L-local equivalence if L{f) is an 
isomorphism, and it is called a C-colocal equivalence if C(/) is an isomorphism. 

Therefore, for every X in C, the morphism Ix'- X LX is an L-local equiva- 
lence, and it has the following universal property: Ix is initial among all morphisms 
from X to objects isomorphic to LY for some y, this is, the induced map 

(2.1) l*x: C{LX,LY) — >C{X,LY) 

is a bijection for every X and Y. In fact, L-local objects and L-local equivalences 
are orthogonal, that is, if Z is L-local and / : X — >■ y is an L-local equivalence, then 
the induced map 

(2.2) f*:C{Y,Z)^C{X,Z) 

is a bijection. Moreover, an object is L-local if and only if it is orthogonal to all 
L-local equivalences, and a morphism is an L-local equivalence if and only if it is 
orthogonal to all L-local objects. 

Dually, in the case of colocalization functors, the morphism cx is terminal among 
all morphism from C-colocal objects to X, and an orthogonality relation similar 
to (|2.2p between C-colocal objects and C-colocal equivalences holds. 

Thus, if we want to define localization and colocalization functors in closed 
monoidal categories or V-enriched categories, it makes sense to replace the set 
C(— , — ) in (|2.ip and (|2.2p . and in the corresponding formulas for colocalizations, 
by the internal hom or the V-enrichment. 

Definition 2.2. Let £ he a, closed symmetric monoidal V category with associated 
adjunction i: V ^ £: r and let IIom(— , — ) = rIIom£(— , — ). 

(i) An {i,r) -localization functor is a localization functor {L,l) in £ such that 
for every L-local equivalence f : X Y and every L-local object Z in £, 
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the induced map 

(2.3) /* : Honi(r, Z) — > Honi(X, Z) 

is an isomorphism in V. 
(ii) An {i,r)-colocalization functor is a colocahzation functor (C, c) in £ such 
that for every C-colocal equivalence f : X and every C-colocal object 
Z in f , the induced map 

(2.4) /, : Hom(Z, X) — > Hom(Z, Y) 
is an isomorphism in V. 

Observe that in order to check if an object is i-local, it is enough to see that 
condition (|2.3|) holds for every L-equivalence of the form Ix ■ X LX. In the 
same way, an object Z is C-colocal if and only if (|2.4|) holds for every C-colocal 
equivalence of the form cx ■ CX ^ X . 

Let £ be a closed symmetric monoidal category and consider the strict monoidal 
functor i : Sets — )> £ defined by i{A) = IJ^ig^ /, where Sets is closed monoidal with 
the cartesian product. This functor has a right adjoint r, namely r(X) ~ £{I,X). 
In this case, the enriched orthogonality condition (|2.3p for an (i, r)-localization 
reduces to condition (|2.2p . 

If we view £ itself as a closed symmetric monoidal ^-category, just by taking 
i and r to be the identity functors, then an (Id, Id)-localization functor in £ is 
a closed localization functor following the terminology used in ^ Definition 3.3]. 
In the same way, we define closed colocalizations in £ as (Id, Id)-colocalizations in £. 

Note that any (i, r)-localization functor in £ satisfies orthogonality condition (|2.2|) 
for any i and r. Indeed, by adjointness 

V(/v,Hom(X,y)) = V(/v,rHom£(X,r)) 5^ £:(/£,Hom£(X,r)) =£(X,r), 

and thus, by applying the functor V(/, — ) to (j2.3p . we get a bijection 

£(Y,Z) ^£{X,Z). 

Similarly, one gets that any («, r)-colocalization functor satisfies the corresponding 
orthogonality condition at the level of sets of morphisms, for any i and r. 

Observe that the class of L-local objects and the class of C-colocal objects are 
closed under retracts. The following lemma gathers some closure properties of local 
and colocal objects and equivalences with respect to the tensor product and the 
internal hom. 

Lemma 2.3. Let {L,l) be a {i,r) -localization functor and let {C,c) a {i,r)-coloca- 
lization functor in a closed symmetric monoidal V-category £ . Let A, B inV and 
X, Y in £. 

(i) // h is an L-local equivalence, then so is the tensor product i{A) ® h. If h 
is a C-colocal equivalence, then so is Hom£(i(A), /i). 

(ii) ///: i{A) — >■ Y and g: X are L-local equivalences, then so is the 
tensor product f ® g. 

(iii) If X is L-local, then so is IIom£(i(A), X). If X is C-colocal, then so is the 
tensor product i{A) ® X . 
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Proof. We only give proofs for the statements for the case of locahzations. The 
dual case is proved by using similar arguments. By the enriched Yoneda lemma, to 
prove (i) it is enough to check that 

V{W,r{Rom£{i{A) (g) X, Z))) — > V{W.r{Romi:{i{A) F, Z))) 

is an isomorphism for all L-local objects Z in £ and all W in V. By adjointness 
and the fact that i is strong monoidal we have that 

V{W, r(Hom£(i(A) (g> X, Z))) ^ £{iiW) (g) i{A) X, Z) 

^£{i{W ®A),Iiom.£{X,Z)) = V{W ® A,r{}lom£{X,Z))) 

^ V{W (8) A, r(Homf (y, Z))) ^ V(W, r(Hom£(i(^) O Y, Z))). 

Part (ii) follows from (i) since f ® g = {f ®Y) o [A® g) and the composition of 

L-equivalences is an L-equivalence. 

To prove (iii), \ci h: W Z he any L-cquivalence. Then 

Hom(Z,Homf(i(A),X)) = r(Hom£(Z, Hom£-(i(A), X))) ^ r {Horns {Z®i{A), X)) 

^ r (Uoms {W ^i{A),X) = liom{W,Uom£ {i{A), X)), 
where the third isomorphism follows since h >S) i{A) is an i-equivalencc by (i). □ 

Corollary 2.4. If[L,l) is a closed localization in£, then the tensor product of any 
two L-local equivalences is an L-local equivalence, and liom£{W, Z) is L-local for 

any W , provided that Z is L-local. Dually, if (C, c) is a closed colocalization on £ , 
then the tensor product of C-colocal objects is C-colocal, and if h is a C-colocal 
equivalence, then so is Hom£(W, h) for any W. □ 

Definition 2.5. Let f be a closed symmetric monoidal category. A localization 

functor (L, /) in £ is called smashing, if there is an object A such that LX = X ® A 
for every X. A colocalization functor (C, c) is called mapping if there is an object 
Ain £ such that CX = Yi.ovas{A,X) for every X. 

Note that if L is smashing, then A = LI and X LY = L(X F) for all X and 
Y in £. Similarly, if C is mapping, then C(Hom£(X, F) = Hom^r (X,Cy). 

Proposition 2.6. Let (L, I) be a smashing localization functor and let (C, c) be a 
mapping colocalization functor in £. Then, for every closed symmetric monoidal 
V -structure (i, r) on £, we have the following: 

(i) The localization functor {L,l) is an (i,r) -localization. 

(ii) The colocalization functor {C,c) is an {i,r)- colocalization. 

Proof. To prove (i) we need to check that the induced map 

Ix : Eom{LX, LY) — > Hom(X, LY) 

is an isomorphism in V for all X and Y. By the enriched Yoneda lemma it is enough 
to prove that 

V(W, Hom(LX, LY)) V(W, Hom(X, LY)) 
is an isomorphism for all W in V. This follows directly, since by adjointness 

V(W, Rom{LX, LY)) ^ £{i{W), Roms{X A, LY)) 

^ £{i{W) <^X^A, LY)) S £{L{i{W) X), LY)) 
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and using the fact that £{L{i{W)®X), LY) = £{i{W)(»X, LY). Part (ii) is proved 
by a similar argument. □ 

We recall now an important source of examples of localization functors and 
colocalization functors, namely localization with respect to morphisms and colocal- 

ization with respect to objects. 

2.1. Localization with respect to morphisms. Let f be a closed symmetric 
monoidal V-category with adjunction (i, r) and let £ be a class of morphisms in £. 

Recall that Hom(— , — ) = rHom£(— , — ). 

(i) An object Z in £ is C-local if for every / : X — >• F in £ the induced map 

/* : Hom(F, Z) — > Hom(X, Z) 

is an isomorphism in V. 

(ii) A morphism g: U is called an C-local equivalence if the induced map 

g* : Hom(W, Z) — )■ Hom(;7, Z) 
is an isomorphism in V for every £-local object Z. 

Definition 2.7. An {i, r)-C-localization functor in £ is an {i, r)-localization functor 

(L, I) such that the class of L-local objects coincides with the class of £-local objects 
and the class of L-local equivalences coincides with the class of £-local equivalences. 
We denote this localization functor by Lc- 

Now, consider £ as an ^-category and let E be any object if £. 

ii) A morphism / in £ is called an E-equivalence ii E (E) f is em isomorphism 
(ii) An object Z in f is called E-local if for every ^-equivalence f:X-^Y, 
the induced map 

/* : Hom£:(F, Z) — > RomsiX, Z) 

is an isomorphism in £. 

An E -localization functor is an ^-localization functor, where the class of £-local 
equivalences equals the class of i?-equivalences. We will denote this localization 
functor hy Le- Every smashing localization L is of this type, namely L = Lli- 

2.2. Colocalization virith respect to objects. Now, let /C be a class of objects 
of £. 

(i) A morphism g: U W is called a fC-colocal equivalence if the induced map 

g^ : Rom{Z, U) Hom(Z, W) 

is an isomorphism in V for every Z iw K,. 

(ii) An object Z in £" is IC-colocal if for every /C-colocal equivalence / : X — >• F 
the induced map 

/* : Hom(Z, X) — > Hom(Z, Y) 
is an isomorphism in V. 

Definition 2.8. An {i,r)-lC- colocalization functor in £ is an (z, r)-colocalization 
functor (C c) such that the class of C-colocal objects coincides with the class of 
/C-local objects and the class of C-colocal equivalences coincides with the class of 
/C-colocal equivalences. We denote this colocalization functor by Cfc- 
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3. Solid monoids and rigid monoids 

In this section we define solid monoid and rigid monoid in (enriched) moiioidal 
categories as a generahzation of the algebraic notion of solid ring [H HI |S] and rigid 
ring f7l [16]. These special classes of monoids are closely related to localization 
and colocalization fmictors. In fact, as we will show, they all appear as suitable 
localizations of the unit of the monoidal structure. 

Throughout this section, we will implicitly assume that all localization and colo- 
calization functors with respect to morphisms and objects that are mentioned exist. 

Let £ he a, closed symmetric monoidal category. Recall that a monoid (R, fi, rf) 
in £ is an object R equipped with two morphisms fi: R ® R ^ R and rj: I R 
such that the following diagrams commute: 



(3.1) 



R(E)R(E)R 



^ R'g)R 



R^R^I 




M®1 



where A and p are the natural isomorphisms coming from the fact that / is a left 
and right identity for the tensor product. A map of monoids between {R, fi, rj) and 
{R' , fi' , 7]') is a map /: R ^ R' compatible with the structure maps /i, /i' and 77', 
that is, such that / o /i = m' ° (/ ® /) ^^^d / o 7/ = 77'. 

Definition 3.1. A monoid (i?, /i, rj) in £ is called a solid monoid if the multiplica- 
tion map /i is an isomorphism. A solid comonoid is a solid monoid in the opposite 
category £°^. 

Note that if i? is a solid monoid, then by the commutativity of the second diagram 
in ()3.ip . the morphisms 77 (X) 1 and 1 <^ rj are isomorphisms. In fact, this property 
characterizes solid monoids. 

Proposition 3.2. An object R in £ is a solid monoid if and only if there exist a 
morphism ry. I ^ R such that both 7/ ® 1 and 1 ® 77 are isomorphisms. 

Proof. One implication is clear from the previous remark. For the converse, assume 
that we have an object R in £ and a morphism rj: I R such that 77 (g) 1 and l(E>ri 
are isomorphisms. First note that if / : i? — i? is any map such that / o 77 — rj, 
then / = 1. Indeed, we have a commutative diagram 



R(S)I 



R(SR- 



-^R®R, 



where the vertical arrows are isomorphisms. Therefore 

/ ® 1^ = (1 (X 77)-^ o (/ 1) o (1 77). 

But ii f o rj — rj, then (/ (E) 1) o (77 ® 1) = 77 ® 1. Since 7; eg) 1 is an isomorphism, this 
forces / (g) 1 — 1 (g) 1, and thus f ®\i = 10 1/ — 1. Consider now the following 
isomorphism g: R ^ R defined as the composite 



R- 



' R >■ R(E) R > R ( 
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Since {{rj (g) 1) o A^-^) o rj — (77 (g) 77) o A^-^ = (77 ® 77) o p^^ = ((1 (g) 77) o p^^) o rj, 
we have that g o rj = rj and so 17 = 1. This imphes that the foUowing diagram of 
isomorphisms commute 




R. 



Hence, there exists a unique isomorphism p: R®R^R rendering the two triangles 
commutative. It is straightforward to check that (i?, /i, 77) is a sohd monoid. □ 

For any category C, the category of endofunctors Fun (C,C) admits a monoidal 
structure, where the tensor product is given by composition and the unit is the 
identity functor. If f is a closed symmetric monoidal category, then we can define 
two functors F,G: £ ^ Fun(£:,£:) by setting F{X){-) = X (g) - and G{X){-) = 
Hom£(X, — ). One can check that both functors are faithful and reflect isomor- 
phisms. 

Moreover, F preserves solid monoids and the functor G sends solid monoids to 
solid comonoids. Indeed, if {R,p,ri) is a solid monoid, then {F{R),ri (g — ) is a 
localization functor in £, that is, a solid monoid in Fmi{£,£). In fact, F{R) — 
is the i?-localization defined in Section 12.11 since both functors have the same 
class of local equivalences. Similarly, {G{R), IIom£(77, — )) is a colocalization functor 
in £, that is, a solid comonoid in Fun{£,£). The functor G{R) is precisely the 
colocalization functor Cu of Section 12.21 

Theorem 3.3. Let £ be a closed symmetric monoidal category. Then, there is a 
one to one correspondence between the following classes: 

(i) Solid monoids. 

(ii) Smashing localization functors. 

(iii) Mapping colocalization functors. 

Proof. Let {R,p,,rj) be a solid monoid in £. Then the functor {F{R),rj g) — ) de- 
fined above is a localization functor in £ that is also smashing and F{R){I) — R. 
Conversely, let (L, I) be a smashing localization functor. Then, the morphisms 

LI^I®LS LI®LI = L{LI), 

LI = LB ® I^-^ LI ® LI ^ L{LI) 

are isomorphisms. Thus, by Proposition 13.21 LI is a solid monoid. 

Similarly, the augmented functor (G(i?), Homg (77, —)) is a mapping colocaliza- 
tion functor and G{R){I) = IIom£:(i?, /). And conversely, if (C, c) is a mapping 
colocalization functor, say CX = Homf:(A, X), then c gives natural transformation 

Homf(A, -) = C — > Id = Hom£-(/, 

By the Yoneda lemma this corresponds to a morphism rj: I ^ A. But this mor- 
phism satisfies that 77 g) 1 and 1 g) 77 are isomorphisms, by using the Yoneda lemma 
and the fact that GCX = CX. Again, by Proposition [3]2] we infer that A is a solid 
monoid. □ 

Remark 3.4. The previous result tells us that for a monoid {R,p,,rj) in £ the fol- 
lowing assertions are equivalent: 
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(i) R is solid. 

(ii) The functor {L, I) defined by LX = X (S^ R and Zx = 1 CS) ?7 is a localization 
functor and R = LI. 

(iii) The functor (C, c) defined by CX = Hom£(i?, X) and cx = Honi£(7], X) is 
a colocalization functor. 

Proposition 3.5. Let £ be a closed symmetric monoidal category. If L is a smash- 
ing localization functor in £ , then L is equivalent to the closed localization functor 
Lij , where Ij: I ^ LI denotes the localization of the unit. 

Proof. By Theorem 13.31 and Remark 13.41 if L is smashing, then L — Lji, where 
R ^ LI. The morphism li is an i?-equivalence, since i? is a solid monoid. Thus, 
every l/-local equivalence is an _R-equivalence. Conversely, let /: X — )> F be an 
i?-equivalence, Z any //-local object and consider the following commutative dia- 
gram 

Hom£:(F, Z) > Hom£-(X, Z) 



Hom£(r ® LI, Z) > Hom£(X ® LI, Z) 

The vertical arrows are isomorphisms since tensoring li with any object is an //-local 
equivalence by Corollary 12.41 The bottom arrow is also an isomorphism since 
X — ^ y is an i?-equi valence, hence X (S)LI — >■ F(g)L/ is an isomorphism. Therefore, 
the top arrow is also an isomorphism. □ 

3.1. Modules over solid monoids. Recall that if (i?, n, rf) is a monoid in a closed 
symmetric monoidal category f , then an i?-module consists of an object X together 
with a morphism m : R® X ^ X such that the following diagram commutes 




X. 



Morphisms of i?,-modules are those compatible with the module structure. We will 
denote by _R-mod the category of i?-modules. 

Theorem 3.6. Let £ be a closed monoidal category and let (i?, /i,?]) be a solid 
monoid. We denote by i/j-loc the full subcategory of L^-local objects and by 
C/i'-coloc the full subcategory of Ca-colocal objects. Then there is an equivalence of 
categories 

i/j-loc = i?-mod = C/j-coloc 



Proof. If X is an i?-module, then X is a retract oi R® X and also a retract of 
Hom£(i?,X). But, by Remark[33 LX ^ R® X 'atlA CX ^ Hom£(i?,X) define a 
localization and a colocalization functor, namely L/j and C/j, respectively. Thus, 
X is a retract of an L/j-local object and also a retract of a C/j-colocal object. Since 
local and colocal objects are closed under retracts, the natural maps 

X'^I®X^-^ R®X and Hom£(i?, X) ^ Hom£(/, X) = X 
are isomorphisms. □ 
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Note that this theorem together with Proposition 13.51 imply that if (i?, /i, 77) is a 
sohd monoid, then the categories i?-mod and the full subcategory of T^-local objects 
are also equivalent, where rj: / — > i? is the unit of the ring. 

3.2. Rigid monoids in enriched categories. Let f be a closed symmetric monoi- 
dal V-category, with associated adjunction i: V ^ £: r. 

Definition 3.7. A monoid {R,fi,ri) in £ is called an {i,r)-rigid monoid if the 
induced morphism 

r/* : Hom(i?, R) — > Hom(/, R) 

is an isomorphism in V. 

Observe that if f is a V-category, then solid monoids in £ are defined using 
the tensor product in £, while rigid monoids in £ are defined in terms of the 
V-enrichment, which depends on the adjunction (i,r). However, as we will prove, 
the class of solid monoids is contained in the class of rigid monoids. 

Proposition 3.8. Let £ be a closed symmetric monoidal V-category, with asso- 
ciated adjunction i: V ^ £: r. If {R,ii,r]) is a solid monoid in £, then R is an 
{i,r)-rigid monoid. 

Proof. By Theorem 13. 31 the functor LX = X is a smashing localization functor 
in £. Now, Proposition 12.61 implies that L is an r)-localization functor. Hence, 
for every i-local Z we have an isomorphism 

ri}: Uom{LI,Z) — >Hom(/,Z). 

In particular, taking Z = LI = R wc obtain that R is an (i, r)-rigid monoid. □ 

Proposition 3.9. Let {L,ri) be an {i,r) -localization functor in a closed symmetric 
monoidal V-category £ , andletA, B inV. If {i{A), fi,ri) is a (commutative) monoid 
in £ and Li{A) ^ iiB) for some A and B in V, then Li{A) admits a unique 
(commutative) monoid structure such that the localization map rij_(^A) • *(^) ^ Li{A) 
is a morphism of monoids. 

Proof. The unit map rj of Li(A) is 77^(^1) o 77. The product map Jl is defined by using 
the universal property of the localization and adjointness. Indeed, we have natural 
bijections 

£{i{A) (g) i{A), Li{A)) ^ £{i{A), Horns {i{ A), Li (A))) 

^ V{A,rlloms{iiA),Li{A))) = V { A, r Rome {Li{A), Li{ A))) 

£{i{A)(g)i{B),Li{A)) = V(B,rHomf:(i(A),Li(A))) 

^ £ii{B), RomsiLiiA), Li{A))) ^ £{Li{A) (g) Li{A), Li{A)). 

Hence, the product fi extends to a unique map ]!: Li{A) >S> Li{A) — )> Li{A) rendering 
commutative the diagram 

i{A)®i{A) — >i{A) 



Li{A)®Li{A) Li{A). 

The associativity of JL and its compatibility with rj follows from the commutativity 
of the diagrams for fi and rj and the universal property of L (using Lemma 12. 3p . 
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In the same way one can prove that Li{A) is commutative when i{A) is commu- 
tative. □ 

Theorem 3.10. Let £ be a closed monoidal V-category with associated adjunction 
{i,r) and let [L,?]) be an {i,r) -localization functor in £. If LI = i{B) for some B 
in V, then LI is an (i,r)-rigid monoid in £. In fact, all {i,r)-rigid monoids appear 
as LI, for some (i,r) -localization functor L in £. 

Proof. Since i{Iv) ^ I smd LI = i{B) by assumption, we may apply Proposition l3.9l 
to infer that LI is again a monoid in £. Moreover, LI is L-local and ?// : / — > LI is 
an L-equivalence. Thus 

Hom(L/, LI) — > Honi(/, LI) 

is an isomorphism, and hence LI is an (i, r)-rigid monoid. 

Conversely, suppose that {R,fj,,ri) is an (i,r)-rigid monoid and let 77: I ^ Rhe 
its unit. Then the (i, r)-/;- localization (see Section \TJ\ satisfies L^/ = R. Indeed, 
77 is an 7y-equivalence and R is 77-local, since 

Tj* : Hom(i?, R) — > Hom(/, R) 

is an isomorphism, because R is an (i,r)-rigid monoid. □ 

Corollary 3.11. All {i,r)-rigid monoids of the form i{B) for some B in V are 
commutative. 

Proof. If i{B) is (i,r)-rigid, then we know by Theorem 13.101 that i{B) = LI for 
some (i, r')-localization functor L. But now. Proposition 13.91 implies that LI is a 
commutative monoid since / = i{Iv)- D 

4. Solid ring spectra and rigid ring spectra 

We will apply now the results of the previous section to the stable homotopy 
category of spectra S; see [U [13]. This is a triangulated category equipped with 
a compatible closed symmetric monoidal structure. We denote by A the smash 
product, by S the sphere spectrum, by S the suspension operator, and by F(~, — ) 
the internal function spectrum. We write [X, Y] for the abelian group of morphisms 
between two spectra X and y in 5 and we say that a spectrum X is connective 
if TTkiX) = ['E''S,X] = for A; < 0. We denote the full subcategory of connective 
spectra by conn(5). There is a connective cover functor (— that assigns to every 
spectrum X a connective spectrum X'^ and a natural map 

cx-.X'^X 

such that 7rfe(cx) is an isomorphism for all fc > 0. 

We will be interested in defining localization and colocalization functors in S 
coming from the following two situations (see Definition 12.21 for notation) : 

(I) V = £ = S and i = r = Id. In this case, IIom(— , — ) — F{—, — ) 
(II) V ~ conn(iS), £ ^ S, i is the inclusion and r is the connective cover functor. 
In this case, Hom(— , — ) = F'^{—, — ) is the connective cover of the function 
spectrum. 

We will refer to the localizations and colocalizations in (I) as stable. (These were 
called closed in Section[2l) This terminology reflects the fact that the localizations 
and colocalizations coming from (I) always commute with the suspension operator 
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— that is, they are exact or triangulated functors in S — while the ones coming 
from (II) do not necessarily have this property. 

Examples of stable localizations are given by homological localizations; see [3]. 
Using the notation of Section [2?T1 these correspond to the £'- localizations functors. 
Given a spectrum E, a homological localization functor with respect to -E is a 
localization functor Le on S that turns i?- homology equivalences into homotopy 
equivalences in a universal way. Recall that each spectrum E gives rise to a homol- 
ogy theory defined as Ek{X) = TTk{E A X) for every spectrum X and every fc G Z. 
A map of spectra / : X — > y is an E-equivalence if the induced map 

f,: EkiX) ^Ek{Y) 

is an isomorphism for all fc e Z. A spectrum Z is E-local if each i?-equivalence 
X Y induces a homotopy equivalence [Y, Z] = [X, Z] . Given a homological 
localization functor Le, there is an associated stable colocalization functor Ae 
constructed by taking the fiber of the localization map. Thus, for every spectrum 
X we have an exact triangle 

AeX — > X — > LeX — > j:AeX. 

The functor Ae is called the E^,-acyclization functor in Miller's finite localiza- 
tions [14. are smashing, and therefore homological localizations. Other smashing 
localizations include localizations at sets of primes, and homological localization 
with respect to the spectrum K of (complex) if-theory or the Johnson- Wilson 
spectrum E{n) for any n. 

As examples of localizations and colocalizations of type (II) , we have fcth Post- 
nikov sections P^kg and fcth connective covers CeW-^kg. In the notation of Sec- 
tions [^H] and [^T^K with i the inclusion and r the connective cover), they correspond 
to the functors Pj^kg = L^kg^Q and Cell5]fe5 = C^kg, respectively. For any spec- 
trum X in S we have that 

. f if 71 < fc, , v\ f if n > fc, 

7r„(Cells.s^) = | ^^^(;^) if„>fc, = I ^„(X) iin<k. 

Neither Cellj^fe g nor Pj;*" s commute with suspension. Note that the connective 
cover functor (— )'^ is precisely Cell^-ig. More generally, /-localizations \^ and 
E-cellularizations [12j in S are also functors of type (II). 

A ring spectrum is solid if the multiplication map is a homotopy equivalence, and 
a ring spectrum R is called a rigid ring spectrum if it is an (i, r)-rigid monoid with i 
and r as in (II), that is, if the connective cover of the evaluation map F'^{R, R) — > R'^ 
is a homotopy equivalence. A ring spectrum is a stable rigid ring spectrum if it is 
an (?,r)-rigid monoid with i = r = Id as in (I), that is, if the evaluation map 
F{R, i?) — > i? is a homotopy equivalence. 

Given any abelian group A, we denote by HA its corresponding Eilenberg- 
Mac Lane spectrum and by MA its corresponding Moore spectrum. The former is 
characterized by the property that Trk{HA) = yl if fc = and it is zero if fc 7^ 0, and 
the latter is characterized by the property that it is connective, {H'E)k{MA) = if 
fc ^ 0, and {HZ)q{MA) = MM A) = A. 

By Proposition l3.8[ every solid ring spectrum is a rigid ring spectrum and a stable 
rigid ring spectrum, but the converse does not hold in general. For instance, the 
ring spectrum HZp, where Zp are the p-adic integers is rigid but not solid (neither 
stable rigid). If it were solid, then HZp A HZp = HI^p and this would imply that 
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Zp®ip^ Zp. However F''{HZp,HZp) = HZp, since [S,HZp] ^ [HZp,HZp] and 
[i:''HZp,HZp] = for all fc > 1. 

Applying Theorems 13.31 and 13.101 to the category S readily implies 

Theorem 4.1. Let L be a localization functor in S. Then we have the following: 

(i) // L is smashing (hence stable and homological) , then LS is a solid ring 
spectrum, and all solid ring spectra appear as smashing localizations of the 
sphere. 

ill) If L is any localization functor and LS is connective, then LS is a rigid 
ring spectrum and all rigid ring spectra appear as localizations of the sphere 
spectrum. 

(iii) // L is a stable localization functor, then LS is a stable rigid ring spectrum 
and all stable rigid ring spectra appear as stable localizations of the sphere 
spectrum. □ 

More explicitly, if i? is a solid ring spectrum, then R = L^S; and if i? is a rigid 
ring spectrum, then R ^ L^/S, where rj: S" — s- i? is the unit of the ring spectrum R. 
If ii is a stable rigid ring spectrum, then R = L^<.,iS, where E*77 = {S'^Ty | fc £ Z} 

For any solid ring spectrum R, the colocalization functor Cn is precisely stable 
i?-cellularization Cellij, and the localization functor Lb. is homological localization 
with respect to R. If we denote by Lji{S) the full subcategory of i?-local spectra 
and by Cellfl(5) the full subcategory of i?-cellular spectra, then Theorem 13. 61 gives 

Proposition 4.2. If R is a solid ring spectrum, e.g., R = HQ, LkS or LE[n)S, 
then there is an equivalence of categories Lji{S) = i?-inod Celli^(iS). □ 

Remark 4.3. Proposition 14. 21 is a particular instance of a more general result in the 
context of stable model categories p^, Proposition A. 6]. In fact [TTl Proposition 3.2] 
implies that the equivalence above is induced by a Quillen equivalence at the level 
of the corresponding model categories. 

Observe that Proposition l3 . 51 implies that any of the categories of Proposition l4.2l 
is also equivalent to the category of 77-local objects, where 77: 5 — ^ i? is the unit 
of R. This has the following consequence: 

Corollary 4.4. // (i?, /u, 77) is a solid ring spectrum, then the R-homological local- 
ization functor Lr is equivalent to the stable localization . 

The following result (see [5j Theorems 5.12 and 5.14]) relates /-localizations of 
the integral Eilenberg-Mac Lane spectrum HZ with algebraic rigid rings (that is, 
rigid monoids in the category of abelian groups). 

Theorem 4.5. Let Lf be any f -localization functor in S. Then, LfHZ = HA for 
some rigid ring A and all (algebraic) rigid rings appear this way. If Lf is smashing, 
then A is a subring of the rationals. □ 

Moreover, the only connective solid ring spectra are Moore spectra of subrings 
of the rationals. 

Theorem 4.6. Let L be any localization functor in S and assume that LS is 
connective. Then LS is a solid ring spectrum if and only if LS = MA, where A is 
a subring of the rationals. 
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Proof. Suppose that LS is a solid ring. Then, by Theorem I4.1f i'). we have that 
LS ~ LlsS, where Lls is a smashing locaUzation functor. Now, it foUows from [5l 
Theorem 5.14] that {HZ)kiLLsS) = if fc 7^ and {HZ)oiLLsS) = R & subring 
of the rationals. Thus, LS = MA, since it is connective. The converse holds since 
if i? is a subring of the rationals, then the multiplication map MA A MA — > MA 
is an isomorphism. □ 

Corollary 4.7. If R is a connective solid ring spectrum, then R = MA for some 
subring of the rationals A. □ 
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